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Kinetics of a Square Cascade of Close-Separation Stages 
under Total Reflux 

HENRY WIECK and TAKANOBU ISHIDA 
BROOKLYN COLLEGE OF 
THE CITY UNIVERSITY OF NEW YORK 

BROOKLYN, NEW YORK 11210 

Abstract 

To facilitate the determination of the separation factor and the number of 
theoretical stages of a square cascade of close-separation stages from measure- 
ments of its long-time kinetics under total reflux, extensive tables of kinetics 
parameters have been produced in accordance with K. Cohen’s theory. Cohen’s 
treatment has been extended in several ways. The kinetics parameters of the first 
transient term have been finely mapped, and the ranges of various parameters 
have been extended to include large overall separations as well as the stripping 
section. The second transient term of the long-time kinetics has been evaluated, 
and a possible application of this correction term has been suggested in relation 
to the experimental determination of the column parameters. Under comparable 
conditions a steady concentration profile, along the column, is attained faster 
in the stripping section than in the enriching section. A distinction between 
the enriching and stripping section is important in using the transient theory 
for the evaluation of the cascade characteristics under ordinary laboratory 
conditions. 

The transient behavior of a square, countercurrent cascade of close- 
separation stages during start-up period was theoretically analyzed by 
Cohen ( I )  in relation to the fractionation of uranium-235. A consideration 
of the material balance of desired substance between the product stage 
and the s-th stage under conditions of constant flows leads ( I )  to a partial 
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580 WlECK AND ISHIDA 

differential equation : 

where N = N(s, t )  is the average mole fraction of the desired substance 
in the input streams for the s-th stage (cf. Fig. l ) ,  counted toward the 
product end starting from the feed point in the cascade, at time t from the 
start-up of the cascade. Other quantities used in Eq. ( l ) ,  all being dimen- 
sionless, are : 

PRODUCT W ITHDRAWA 1 
R A T E  = P MOLES/HR 

t 

LOW = 0 L  

,OLE FRAC,' 
= N  

t 

STAGE 

. I O N )  

STAGE 

e = CUT 

= 1/2 FOR CLOSE SEPARATION 

[ I S I  = I a - 1 1  << 1 1  

REFLUXER 

FEED-POINT 
REFLUXER 

FIG. 1. Cascade notation. 
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KINETICS OF A SQUARE CASCADE 589 

E = CI - 1, where CI is the “head-to-tail’’ separation factor. This use 
of CI is different from Cohen’s in that the latter is the 
“head” or “tail” separation factor. This CI is twice Cohen’s 

where h is the holdup per stage per unit flow, or the aver- 
age process time per stage. 

where P is the production rate, or the rate of withdrawal 
of product at the product-end of the column, and L is the 
total interstage flow rate at the stages. In a square cascade, 
L is independent of s. In a square distillation cascade 
under total reflux, L is also equal to twice the boil-up rate. 

(2,3). 

A = 2h, 

2P 
Y = - EL ’ 

When the mole fraction of the desired substance is negligibly small 
compared to unity, Eq. (1) becomes linear: 

aN aZN aN A -  = - - E(1 + Y)- 
at asz as 

This would be the case in preliminary fractionation processes of isotopes, 
such as 235U, D, I3C, and ”N. Cohen solved the equation under the 
following initial and boundary conditions : 

At t = 0; 

N(s, t = 0) = No, at all s 

At s = 0 (feed point); 

N(0, t )  = No, at all t 

At s = n (product end); 

P = 0, at all t 

Holdup in refluxer = H 

Such a solution is of general interest for two reasons. First, in large- 
scale production, one seeks to minimize the initial start-up period during 
which the system is operated under total reflux. Second, observations of 
the transient behavior can be used for evaluating such separation system 
constants as the number of theoretical plates and the separation factor ( I ) .  
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590 WIECK AND ISHIDA 

The theory of transient column behavior is of primary importance in both 
applications. The present study is a part of our effort to extend limits of 
the validity of Cohen's theory. 

The solution, at f > hn2/10, is of the form ( I )  

where A and B are related to the smallest root of a transcendental equa- 
tion, which will be discussed later. Cohen gave tables of A and B for K/An 
between 0.0 and 0.5 in steps of 0.1 and for en between 0.0 and 1.2 in steps 
of 0.1. It is highly desirable to extend and refine Cohen's table beyond the 
limits for en in both the positive and negative directions. We also feel 
that it is useful to extend the time limit to the region below t = An2/10 by 
adding a higher term of expansion to Eq. (3). 

MATHEMATICAL PROCEDURE 

Cohen's solution can be transformed into 

where N ,  = eEn is the overall separation at steady state, and z = t / h 2  is 
the reduced time, or the time measured in the unit of average process time 
divided by the number of stages. A ,  and B, are Cohen's A and B, re- 
spectively. The last term in Eq. (4) represents the next higher term in the 
approximation. 

Both B,  and B2 are defined as 

B 5 a2 + x2 ( 5 )  

where a = en, and x is either the smallest positive root x1 or the second 
smallest positive root x2 of the equation 

X 
tan x = ~ 

c + bx2 

in which b = KjAn = H/Lhn, K = 2H/L,  and c = a2b + a. In the special 
case of c > 1, an imaginary root exists, in which case B,  = a2 - xo2,  
where xo is the only root of the equation, 

(7) 
X 

t anhx  = ____ c - bx2 
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KINETICS OF A SQUARE CASCADE 591 

All the cases have been summarized in Table 1. It is to be noted that the 
case of c < 1 includes all negative values of c. Cohen's table covers the 
cases of 0 I c I 1.92 for B , .  The case of a = b = 0 represents a singular 
point, where B ,  = ( ~ / 2 ) ~ ,  although this has no physical meaning. The 
ranges of x1 and x2 for all conceivable cases have been tabulated in Table 2. 

TABLE 1 

Summary of Formula for B1 and BZ 

< 1  
= 1  
> I  

TABLE 2 

Ranges of Roots of Eq. (6) 

x for x for 
C b Y' B1 = az + x2  Bz = u2 + x2 Remarks 

~ > l  b = O  

b # O  

c = l  

O < c < l  

c = O  b = O  

b # O  

c < O  b = O  

< c o  

= o  

= o  

2 

(% $) 
None 3, = ( z j 2  

(n, F) c < o  

(2.2") u < O  

(R, 2) 
(n, F) 
(F, y or 2")' 

d - c / b .  
* When c > 1, B1 = a' - x2 ,  where x is the magnitude of the imaginary root. 

y or 2n, whichever is smaller. 
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592 WlECK AND ISHIDA 

The preexponential coefficients A ,  and A ,  are both related to B ,  and 
B,, respectively, by 

2a 

where 

Ci = -bBi  - a2 

Singularities exist as follows: When c = a2b + a = 1, 

A ,  = 
2 

a(e2' - I)(b + f )  

while A ,  is nonsingular. When a = 0, 

(9) 

A pair of computer subroutine programs were written, one for calcula- 
tions of A , and B , ,  and the other for A ,  and B, .  Each subroutine takes 
a and b as input from a calling program, and returns a pair of numbers 
A i  and Bi .  The root of the transcendental Eq. (6) is obtained by using 
Newton's linear iterative algorithm. All precautions were taken to avoid 
accidental crossover to an undesired branch of the function during the 
iterative process. 

R E S U L T S  AND D I S C U S S I O N  

Numerical results for A ,  and B ,  have been tabulated in Table 3 for 
KjAn from 0.00 to 0.50 and for En from - 1.2 to + 1.2 (4).  Similar tabula- 
tion is presented for A ,  and B, in Table 4 (4) .  It is seen that the present 
values of A , and B,  are in complete agreement with Cohen's wherever the 
comparison is possible. 

In Figs. 2 and 3, values of A ,  and B ,  , respectively, have been plotted 
against En, at various values of K / h ,  the ratio of the holdup in the product 
refluxer to the total holdup in the column. The negative En represents the 
stripping section. In reference to Eq. (4), the contribution of the first 
transient term, A , e - B 1 r ,  to the fractional equilibrium attainment, ( N  - No)/ 
( N ,  - No), has been plotted in Fig. 4 as a function of the reduced time z 
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KINETICS OF A SQUARE CASCADE 593 

TABLE 3 

Functions for the First Transient Term 

A ,  and B ,  at holdup ratio K / l n  of 

En 0.00 0.05 0.10 0.15 0.20 0.30 0.40 0.50 

-1.20 A = 0.6936 0.7429 0.7844 0.8187 0.8467 0.8883 0.9163 0.9355 
B = 3.8935 3.6001 3.3330 3.0923 2.8765 2.5110 2.2188 1.9810 

B = 3.6231 3.3405 3.0858 2.8580 2.6550 2.3136 2.0416 1.8224 

B = 3.3662 3.0944 2.8518 2.6365 2.4458 2.1273 1.8751 1.6726 
-0.60 A = 0.7547 0.7975 0.8320 0.8598 0.8820 0.9143 0.9356 0.9502 

B = 3.1225 2.8615 2.6307 2.4275 2.2487 1.9519 1.7184 1.5317 

B = 3.0055 2.7499 2.5249 2.3276 2.1545 1.8682 1.6436 1.4644 
-0.40 A = 0,7740 0.8145 0.8468 0.8725 0.8929 0.9223 0.1416 0.9549 

B = 2.8916 2.6414 2.4222 2.2307 2.0632 1.7871 1.5713 1.3993 
-0.30 A = 0.7834 0.8228 0.8540 0.8786 0.8981 0.9262 0.9446 0.9571 

B = 2.7810 2.5361 2.3226 2.1368 1.9748 1.7086 1.5012 1.3363 
-0.20 A = 0.7927 0.8309 0.8609 0.8846 0.9032 0.9299 0.9474 0.9593 

B = 2.6734 2.4338 2.2260 2.0458 1.8892 1.6327 1.4334 1.2754 
-0.10 A = 0.8017 0.8387 0.8677 0.8904 0.9082 0.9336 0.9502 0.9614 

B = 2.5689 2.3346 2.1324 1.9577 1.8063 1.5592 1.3679 1.2165 
0.00 A = 0.8106 0.8464 0.8743 0.8960 0.9130 0.9372 0.9529 0.9635 

B = 2.4674 2.2384 2.0417 1.8724 1.7262 1.4883 1.3047 1.1597 
0.10 A = 0.8192 0.8539 0.8807 0.9015 0.9177 0.9406 0.9555 0.9656 

B = 2.3689 2.1451 1.9539 1.7899 1.6487 1.4198 112436 1.1048 
0.20 A = 0.8276 0.8612 0.8869 0.9068 0.9222 0.9439 0.9580 0.9675 

B = 2.2733 2.0548 1.8689 1.7101 1.5739 1.3536 1.1847 1.0518 
0.30 A = 0.8359 0.8683 0.8930 0.9119 0.9266 0.9472 0.9605 0.9694 

B = 2.1806 1.9673 1.7867 1.6331 1.5016 1.2898 1.1279 1.0008 
0.40 A = 0.8438 0.8751 0.8988 0.9168 0.9308 0.9503 0.9628 0.9712 

B = 2.0907 1.8826 1.7072 1.5586 1.4318 1.2283 1.0732 1.9517 
0.50 A T 0.8516 0.8818 0.9044 0.9216 0.9348 0.9533 0.9651 0.9730 

B = 2.0036 1.8006 1.6304 1.4868 1.3646 1.1691 1.0205 0.9044 
0.60 A = 0.8591 0.8882 0.9098 0.9262 0.9387 0.9561 0.9672 0.9747 

B = 1.9193 1.7214 1.5563 1.4175 1.2998 1.1120 0.9698 0.8590 
0.80 A = 0.8735 0.9003 0.9200 0.9348 0.9560 0.9615 0.9713 0.9779 

B - 1.7587 1.5709 1.4158 1.2863 1.1772 1.0044 0.8743 0.7733 
1.00 A = 0.8868 0.9115 0.9294 0.9427 0.9527 0.9664 0.9750 0.9808 

B = 1.6085 1.4306 1.2852 1.1647 1.0638 0.9050 0.7863 0.6945 
1.20 A = 0.8992 0.9218 0.9380 0.9499 0.9588 0.9708 0.9784 0.9834 

B = 1.4684 1.3002 1.1641 1.0523 0.9591 0.8135 0.7054 0.6221 

-1.00 A = 0.7144 0.7616 0.8008 0.8328 0.8589 0.8972 0.9229 0.9405 

-0.80 A = 0.7348 0.7798 0.8167 0.8465 0.8706 0.9059 0.9293 0.9454 

-0.50 A = 0.7645 0.8061 0.8395 0.8662 0.8875 0.9183 0.9387 0.9526 
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FIG. 2. Preexponential factor A l  of first transient term. 

for the case of no refluxer holdup. The line for En = 0 has been included 
only for reference purposes. For the same reduced time, the stripping 
section attains its steady state much faster than the enriching section. 
However, the graph does not by any means imply that, within the stripping 
section, the equilibrium time in the longer column is shorter. The equilib- 
rium time in the stripping section does in fact increase with the number of 
plates since t = M t ,  although the rate of increase is much slower than 
that in the enriching section. 

Plots of A,,  B,, and A2e-B2' are presented in Figs. 5, 6, and 7, respec- 
tively. The most striking difference from the previous graphs is the com- 
plete reversal of trends of A as a function of En and of Kiln. Not only does 
A ,  decrease with increasing En, but it also decreases with increasing holdup 
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FIG. 3. Exponent factor B, of first transient term. 

ratio, while A ,  increases with increasing en and Kjln. Although the mag- 
nitude of A ,  is smaller than A , ,  it is evident that the second transient 
term becomes relatively significant at smaller values of En and K j h .  It is 
noted from Fig. 6 that, compared to the first transient term, the second 
term is damped much faster, so that the second term in general is im- 
portant at  small values of enrichment, holdup ratio, and time. Figure 7 
verifies this for KjAn = 0. The crossing over of lines in the stripping 
section of Fig. 7 is a result of interaction of the opposite trends of A ,  and 
B, against varying En. 

Finally, the relative importance of two transient terms is shown in 
Fig. 8. It must be noted that the comparison is made at K/An = 0, the 
smallest possible value, at which the second transient term is most sig- 
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FIG. 5.  Preexponential factor A z  of second transient term. 

nificant. It is thus evident that the limitation of z > 0.10 that Cohen 
placed for the validity of his solution, Eq. (3), was well founded as far as 
the enriching section is concerned. In the stripping section and/or at a 
shorter time, however, the second transient term is significant. 

On the other hand, the third transient term in general contributes in- 
significantly to ( N  - N,) / (N ,  - No)  at the reduced time much smaller 
than 0.1. Based on analyses of the upper and lower limits of the third 
smallest root of Eq. (6),  it has been found that the upper limits of the 
third term is of the order of lo-’ or smaller, even at  t = 0.01 for En = -3 
and K / h  = 0, the condition under which the contribution would be the 
greatest. Typically, for En = -3 and K/An = 0, the upper limit is 0.05, 
0.03, and 0.0002 at z = 0.01, 0.02, and 0.10, respectively. For En = +1 
and K/ln = 0, the limit is 0.01, 0.06, and 0.0002 at 5 = 0.01, 0.02, and 
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FIG. 6 .  Exponent factor B1 of second transient term. 

0.10, respectively. It is thus fair to conclude that the inclusion of the 
second transient term extends the lower limit of applicability of the solu- 
tion to z = 0.01 for any enriching section, and the uncertainty at this z 
is at most 0.01. For the stripping section, the error may be as high as 0.05 
at  z = 0.01 under extreme conditions. 

As an application of the subroutine programs written for calculations 
of A , ,  B , ,  A , ,  and B,, the reduced time, z ~ . ~ ~ ~  required for the achieve- 
ment of 95 % of the steady-state value was calculated at various values of 
En and Kiln. The problem is that of solving Eq. (4) for Z, with the left-hand 
side equated to 0.95. It involves an iterative procedure. Results of these 
calculations have been plotted in Fig. 9. The graph clearly shows an 
increasing trend in the enriching section of equilibrium time with increas- 
ing holdup in product refluxer, K / h ,  and overall separation En. It should 
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FIG. 7 .  The second transient term as a function of reduced time z. 
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FIG. 8. Relative importance of the first and second terms. 

also be noted that the actual equilibrium time is equal to ELn2 x 
T ~ , ~ ~ ,  which in fact also increases with the length of the stripping section. 

One feature in Fig. 9 worth noting is the fact that the equilibrium time 
increases sharply with an increasing holdup ratio. This is due to the fact 
that, for a large holdup in the product refluxer, a large inventory of the 
desired isotope must be built up at the product end. The desired isotope is, 
by definition (cf. Eqs. 1 and 2), the minor component, i.e., N << 1. When 
the minor component enriches in the liquid phase, the material holdup in 
the product refluxer is necessarily large. This is the case existing in most 
isotope separation plants. For example, in the distillation of carbon 
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monoxide, 13C (natural abundance = 1.1 %) enriches in the liquid. In the 
exchange of nitrogen isotopes between nitric oxide and nitric acid, I5N 
(0.37%) concentrates in the aqueous phase (5). However, the reverse 
situation is possible: the minor component may be enriched in the gas 
phase. For instance, 3C enriches in the gas phase in an exchange between 
hydrogen cyanide and aqueous cyanide solution (6). In a distillation, a 
heavy isotopic molecule may have a higher vapor pressure than the 
lighter molecule in a temperature range in which the vapor pressure isotope 
effect is “inversed.” The inverse effect is favored in an isotopic molecular 
pair which exhibits a large isotope effect in the zero-point energy shifts of 
internal vibrations upon condensation (7). In these cases the heavier 
isotopic species, which is the minor isotope for most of the light elements, 
enriches in the gas phase. Here, the holdup in the product refluxer can be 
made negligibly small. All other considerations being comparable, a sys- 
tem in which the desired isotope enriches in the gas phase has a definite 
advantage in that it requires a shorter startup period. 

For the determination of the separation factor and the number of 
theoretical plates using the long-time kinetics, one would take up to the 
first transient term of Eq. (4), and obtain the best straight line through a 
plot of In ( ( N ,  - N ) / ( N ,  - No))  against z. The intercept and the slope 
give A and B,  , respectively, both of which are functions of E and n. This 
information, combined with experimental data on En, which is In N, ,  
leads to the first approximation for E and n. The second transient term in 
Eq. (4) may then be added to ( N ,  - N )  ( N ,  - No)  to correct for small 
deviations of experimental points corresponding to small z from the 
straight line. The natural logarithm of the resulting quantity would then 
be plotted against z, and the second approximation for E and n would be 
obtained accordingly. 

It is worth noting that, if the desired isotope enriches in the liquid, that 
which is operated in an ordinary, laboratory scale distillation column, 
with a large holdup in the boiler, is a stripping section. Due to the non- 
symmetry of transient behavior between the enriching and stripping sec- 
tions, it is incorrect to use the tables of A’s and B’s of the positive En when 
the desired minor component enriches in the liquid. On the other hand, if 
the minor component enriches in the vapor phase, the proper tables to  
use are the ones for the positive En. 

Such a distinction is not necessary for consideration of the transient 
period for an operation of production scale, because such a column is 
always operated as an enriching column. 
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